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Here we prove the following modification of a conjecture of Jackson (J. London 
Math. Sot. (2) 3 (1971), 47-58) for indefinite quadratic forms of signature 0. f  1 
or 12. Let Q(x, ,..., x,) be a real indefinite quadratic form of determinant D # 0. 
Let /al < (Dl’ln. For any real numbers a, ,..., an, there exist (x, ,..., x,) = (a, ,..., a,) 
(mod 1) such that 
lQ(~~,,...,~,)-aI~iDl’“. 
In particular. the proof shows that we can find (x, ,..., x,,) E (a, ,..., a,) (mod 1) such 
that 
O<Q(x ,/.... x,)<21D(““. 
For forms of signature zero this result is also the best possible. 
1. INTRODUCTION 
Let Q(x, ,..., x,,) be an indefinite quadratic form with real coefficients and 
determinant D # 0. Jackson [ 151 has proved that if Q(x,,..., x,) is a zero 
form, then for any real numbers a, ,..., urr and a, there exist (x, ,..., x,) E 
(a 1 ,..-, a,) (mod 1) such that 
I Q(x, ,...r xn) -a\ < ID\““. (1.1) 
He conjectured that the result is probably true for all indefinite quadratic 
forms in n > 4 variables. Jackson also gave an example of an indefinite 
ternary quadratic form for which (1.1) does not hold for some a. It follows 
from the results of Blaney [4] that there are indefinite binary quadratic 
forms Q and real numbers a for which (1.1) is not solvable. 
We observe that the results of Blaney [4] also show that (1.1 is solvable 
for all indefinite binary quadratic forms if ] a ] < ] D ] iI2 (see Lemma 4). The 
results of Dumir [lo] show that for indefinite ternary forms, (1.1) is solvable 
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if (aI < (O(“3 (see Lemma 14). We are thus led to consider Jackson’s 
conjecture with the restriction (a ] ,< ] D 1 ‘I”. 
More precisely we consider 
CONJECTURE A. Let Q(x ,,..., x,) be a real indefinite quadratic form of 
determinant D # 0. Let /a( < (Dl’l”, For any real numbers a, ,..., a,, there 
exist (x1 ,..., x,,) s (a, ,..., a,) (mod 1) such that 
I Qtx, >..., x,)--a(<lDJ”“. (1.2) 
In this paper we shall prove 
THEOREM 1. Conjecture A is true for indefinite quadratic forms of 
signature 0, f I or i2. 
Our proof will show that for non-zero forms of signature 0, fl or f2, 
(1.2) holds with strict inequality. Combining with the result of Jackson [ 15 1, 
we have the following 
THEOREM 2. Let Q(x,,..., x”) be a real indefinite quadratic form of 
determinant D #O and signature u = 0, fl, or k2. Let a > 0, p> 0, 
a +p= 2 IDI”“. Then given any real numbers a, ,..., a,, there exist 
(x 1 ,..., xJ E (a, ,..., a,) (mod 1) such that 
-a < Q(x, ,..., x,) <P. (1.3) 
For each such u equality is needed in (1.3) for certain forms and suitable a 
and /I. 
Let Q(x i,...,~,) be a real indefinite quadratic form of type (r, s), 0 < r < n 
and determinant D f 0. Blaney [ 31 has proved that there exist constants r 
independent of Q, such that, for any real numbers a, ,..., a,, there exist 
tx 1 ,..., xJ E (a , ,..., a,) (mod 1) satisfying 
0 < Qtx, ,.a., xn> < (WI)““. 
Let r,,, denote the greatest lower bound of all such constants r. Davenport 
and Heilbronn [ 171 showed that r,, , = 4. r,,, = 4 was proved independently 
by Blaney [5] and Barnes (11. Dumir [8,9] proved that r,,2 = 8, r,,, = 16 
and r3 , = 16/3. Dumir and Hans-Gill [ 1 l] have shown that r,,3 = 16. 
Hans-G\11 and Raka [ 12, 13 ] have proved that r,,, = 16 and r,,, = 8. 
From Theorem 2 we can immediately deduce the following 
ON ACONJECTUREOFJACKSON 405 
THEOREM 3. (a) F or all positive integers r, s with r + s = n and 
r--=0, k-1 or &2, we have 
(b) Tr,r = 2” for all n = 2r > 2. 
The first part is the special case a = 0 of Theorem 2. For the second part 
we observe that equality is necessary for the form ,Y: + . . . + xf -- 
x:,, - ... -xi, and (a, ,..., a,,) = (f ,..., i). 
We have also obtained precise values of fr.s for signatures f 1, 2 and 3, 
which we hope to publish in due course. 
2. AN AUXILIARY RESULT 
If Q is an indefinite quadratic form in n > 3 variables which takes 
arbitrarily small non-zero values, then using the results of Oppenheim ( 171, 
Watson [ 201 has proved that we can solve (1.1) for all a, in fact with any 
s>Oinplaceof]D] . “PI So even the unrestricted Jackson conjecture is true 
for such forms. Thus for n > 3, in order to prove Theorem 1, it is enough to 
consider non-zero forms Q which do not take arbitrarily small values, i.e., 
for which the homogeneous minimum m*(Q) > 0, where 
m,(Q) = Inf{/ Q(X)]: X E Z”, X f 0). 
Replacing Q by -Q, if necessary, we cn suppose that the signature of Q is 
non-negative. 
We shall deduce Theorem 1 from the following: 
THEOREM 4. Let n > o + 4. Suppose the following conditions hold 
I. For any indefinite quadratic form Q in variables, with signature o 
and determinant D # 0, for which m,(Q) > 0. we have 
Q - v(x, + a,,x, + ..., x2 + a23-q + .A.) + Q’tx,,.... x,,), (2.1) 
where u/(x, y) is an indefinite binary quadratic form of determinant d with 
jdln’2 < JDJ. 
II. Conjecture A is true for indefinite quadratic forms in n - 2 
variables with signature o. 
Then (1.2) is true with strict inequality for forms Q in n variables, with 
signature a, for which m,(Q) > 0. 
In this section we shall prove Theorem 4 and in the following sections we 
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shall show that the hypotheses of Theorem 4 are satisfied for forms of 
signature u = 0, 1 or 2, for all n > ~7 + 4, so that Theorem 1 follows. 
We first recollect Lemma 4 of Birch [2]. 
LEMMA 1. Let 9(x, y) be an indefinite binary form of determinant d. 
Then fdr any real numbers x0, y0 and ,u we can find (x, y) s (x0, y,) (mod 1) 
such that 
Proof of Theorem 4. Let Q(x, ,..., x ,) be an indefinite real quadratic form 
of determinant D and signature ~7 and m,(Q) > 0. Since (2.1) holds, we can 
suppose without loss of generality that 
Q = v(x, + a,,x, + .a., x2 + a,,x, + -.a) + Q’(x,,..., x,). 
Then Q’(x, ,..., x,) is an indefinite form in (n - 2) variables, with signature u 
and determinant D/d. Since (dl” < 1 D j2, we have 
/a( < ID/l/n < + “(n-2). I I 
Let a, ,..., a, be any given real numbers. By hypothesis (II) there exist 
(x 3 ,..,, xJ = (a3 ,..., a,) (mod 1) such that 
I I 
I/In-2) 
I Q’h, >..., X,)--al< $ . 
By Lemma 1 with #(x,Y) = v(x + a,, Y, y), ,u = Q’(x3,..., x,,) - a, 
y. = a, + a23x3 + .-., x,, + a,2 y,, = a, + a12a2 + a13x3 + --., we can find 
(x, y) E (x0, y,) (mod 1) satisfying 
19b,Y)+luI,<max ((T)“‘, ld(“4 jpJ1/2) 
< max ( (!$)1’2, (d1’/4 1: 1 “2’ne2’). 
Thus there exist (xi, x2) s (a,, a2) (mod 1) such that 
IQ@ 1,...,Xn>-aI=19(~,u>+~l 
because ldl” < ]D 12. This proves Theorem 4. 
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3. FORMS OF SIGNATURE ZERO 
Here we shall use the following: 
LEMMA 2. Let 4(x, y) be an indefinite binary quadratic form of 
discriminant A*(A > 0). Let p > 0, u > 0, pa > l/16. Then given any x0, I’(, 
there exist (x, y) = (x,, y,) (mod 1) such that 
-oA < $(x, y) < pd. 
This is due to Davenport [6]. 
LEMMA 3. Let Q(x, y) be an indefinite quadratic form of discriminant 
A*(A > 0) and 0 < p < l/3. Then given any x0, y0 there exist 
(x, y) = (x,,, y,) (mod 1) such that 
PA A - 
((1 -tP)(l +9/W’ <4(x9y)G ((1 +p)(l + 9p)}“l 
Further strict inequality holds for p = 0 if4 is a non-zero form. 
This is due to Blaney [4]. 
LEMMA 4. Conjecture A is true for inde3nite binary forms. Further (1.2) 
holds with strict inequality for non-zero forms. 
Proof. Let $(x, y) be an indefinite binary form of determinant D and 
discriminant A* = -4D(A > 0). Let 1 a ( < 1 D) “* = A/2. We have to show that 
given any x,,, y, there exist (x, y) E (x0, yO) (mod 1) such that 
I#(x,y) - a( < IDI”* = A/2. 
On replacing 4 by --I$, if necessary, we can suppose a > 0. Let a = id, so 
that 0 ,< t < l/2. Thus we have to solve 
-(I - t) A < $(x, y) < (f + t) A (3.1) 
for (x, y) = (x0, yO) (mod 1). 
If 0 ,< t < l/4, then (f + t)(i - t) = f - t2 > l/16, so that (3.1) is solvable 
by Lemma 2. If l/4 < t < l/2, then taking ,U = (1 - t)(f + t))’ in Lemma 3. 
we can find (x, y) G (x,,, y,) (mod 1) such that 
_ (+-()A (f+od 
(5 - 8t)“* < ‘(x’ ‘) ’ (5 _ &),,Z ’ 
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Since 0 ( t < f, (5 - 8t)“’ > 1 and (3.1) is satisfied. Further, strict 
inequality holds unless t = l/2, i.e., ,D = 0. Also if ,U = 0 and 4 is a non-zero 
form, strict inequality holds in Lemma 3 and hence here also. This proves 
Lemma 4. 
LEMMA 5. Hypothesis I of Theorem 4 is satisJied for quadratic forms Q 
in n > 4 variables of signature zero and determinant D # 0 with m”(Q) > 0. 
This follows from Lemmas 9, 10 and 11 of Birch [2]. 
COROLLARY 1. Conjecture A is true for forms of signature zero. 
In view of our ealier remarks this follows from Theorem 4 using induction 
on 12 and Lemmas 4 and 5. 
4. HYPOTHESIS I FOR FORMS OF SIGNATURE 1 OR 2 
In this section we shall prove that Hypothesis I of Theorem 4 is satisfied 
for forms of signature 1 or 2. We shall use the following lemmas: 
LEMMA 6. Let f(X) =f (xl ,,,., x,) be a quadratic form of determinant 
D # 0 and let F(Y) be its adjoint form. Let A = (u, ,..., u,) E 8” with g.c.d. 
(u , ,**., u,) = 1 and F(A) # 0. Then 
f-fo(x, + ..*. ‘...) x,-, + .*.) + cxft, 
wheref,(y, ,..., ynp, ) is a form of determinant F(A). 
Proof: Let f(X) = X’MX, then F(Y) = (det M) Y’M- ‘Y. Let T be a 
unimodular matrix such that (0, ‘a. 0, 1) T = A’. Let g(X) =f(T- ‘X). Then 
G(Y) = adj g = F(T’Y), so that F(A) = G(0 ,..., 0, 1). Now 
fh.g=g(x,,...,~~-,,0)+2(a,,x, + a.. +a,-,s.x,-,)x, +annxi 
=go(x ,,..., x,-,) + 2(a,,x, + .e. + a,p,.nx,-,)x, + annd, 
det g,(x, ,..., x,- ,) = det g(xi ,..., x,_ , , 0) = G(O,..., 0, 1) = F(A) f 0. Now if 
g,(x, ,***1 x,- 1 )~~,(x,+...)2+~2(x,+~~~)2+~~~+~,~,xt,~, 
‘fO(X, + f..,..., X,-l), 
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where f,( y, ,..., Y,-l> = f4 Y: + --. +&-,&,, then 
& ,,“., x,)~~,(x,+...)*+...+~,_,xf, , 
+ 2(a,,x, + ... + un-,,n~,_,)~, + annxf, 
= A,(x, + ... +/3*x,)* + L(x* + ‘.- + &x,Y 
+ .** +An-,(x,-, +p,xJZ +cx: 
=fo(x, + ... + p,xn, . . . . x, , + p”xn) + cx;. 
Clearly detfo = det g, =./-(A). 
This proves the Lemma. 
Remark 1. Let f be a form and F be its adjoint. If F is a multiple of a 
zero rational form so is J To see this we notice that if F is a multiple of a 
rational form then so is adj F and since adj F = (detf)“- ‘ftfis a multiple of 
a rational form. Now suppose f = X’MX, where we can for simplicity 
suppose that A4 is a rational matrix. Then F = (det M) X’M-‘X. If F(A) = 0, 
where 0 #A E %“, then f(M-‘A) = 0 and f has the rational zero M-IA. 
LEMMA 7. Zf Q(x,y, z) is a ternary quadratic form of t.vpe (2, 1) and 
determinant D # 0, then there exist integers u. L’, M‘ with (u, I’, M’) = 1 such 
that 
0 < Q(u, u, w) < (f /D!)? 
except when Q - pQi, 1 < i < 8. where Qi are certain zero rational forms. 
This follows from Theorem 2 of Watson [ 2 1 1. 
LEMMA 8. Let f(x, y, z) be a non-zero ternary quadratic form of type 
(2. 1) and determinant A < 0. Then 
where w(x,J~) is an indefinite binary quadratic form of determinant d such 
that 
Proof: Let F = adjA then -F is a ternary form of type (2, 1) of deter- 
minant -A*. Since f is a non-zero form, it follows by Remark 1 that 
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-F 7( pQi, 1 < i < 8. Therefore by Lemma 7 there exist integers U, U, w  with 
(u, U, W) = 1 and 
0<-F(u,v,w)( LIdI ( 3 )l, = (--$A,)‘;‘. 
Now the result follows from Lemma 6. 
LEMMA 9. Let f (x, y, z, u) be a non-zero quaternary form of type (3, 1) 
and determinant D < 0. Then 
where ~(x, y) is an indefinite binary form of determinant d with 
IdI2 < (+)I” JD(. (4.1) 
Proof. Let F = adjf. Since f is a non-zero form, F is not a multiple of a 
zero rational form. Thus either F is a zero incommensurable form or a non- 
zero form. Hence by Oppenheim [ 181 and Jackson [ 161 it follows that there 
exist integers x,,, y,,, zO, u,, with g.c.d. (x0, y,, z,,, u,,) = 1 satisfying 
By Lemma 6 
0 < -F(x,,Y,, z,,, ~0) < lD13’4. (4.2) 
f-g(x+...,y+...,~+...)+bu~=f~(x,y,z,u), 
where det g = F(x,, y,, zo, uo) < 0, so that go(x, y, z) =fo(x, y, z, 0) is a (2, 1) 
form. Further, it is a non-zero form since f is so. Also det g = det go. By 
(4.2) 
By Lemma 8 
ldetgo14’3 = IW,,y,, zo, uo)14’3 < IDI. (4.3) 
where v/ is an indefinite binary form of determinant d with 
ld)3’2 < ---& ldetg,I. (4.4) 
Thus 
f-l&x+ ‘a*, y+...)+a(z+...)*+bu*, 
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and from (4.3) and (4.4) we have 
IdI* = /det w]‘< (-$,detg,,,)4” < (+-)1’3 ID]. 
This proves Lemma 9. 
Now to verify Hypothesis I of Theorem 4, we follow Birch 121, but give 
details for sake of clarity and completeness. We describe the process for the 
quadratic forms of any signature 6 ) 0 in n > CJ + 4 variables. 
Let Q,(x, ,..., x,,) be a non-zero form of signature u > 0 and determinant 
D # 0 with b = m,(Q,) > 0. Let 0 < E < & be sufficiently small. There exist 
integers u, ,..., U, such that g.c.d. (ui ,..., Us)= 1 and Q”(u ,,..., tin)== c’, such 
that 
b < Iv\ < b(l + E). (4.5 1 
By a unimodular transformation we can suppose that Q,( 1, O,..., 0) = 2’. so 
that 
Q!, - u(x, + alzxz + 4’ - en-,(x2 ,..., x,). 
One can easily see that m,(Q, _ 1) > 0. Let 
a = Inf{(sgn 0) Q,- 1(~2 ,..., x,): Xi E 3, (sgn U) Q,_ ,(x2 ,..., x,) > 0). (4.6) 
Then, as remarked above, a > 0. As before 
Q,-,-~(x2+...)*-Qn-2, 
where a < (sgn v) u = ]u] < a(1 + E). Thus we have 
Q, - 0, + a12x2 + *“)’ - U(X* + *“)’ + Qn-*(X3,...r X,) 
= w(x, + ‘0.) x2 + .a-) t Q,-2(x, . . . . 3 x,), (4.7) 
where I,U(X, y) = vx* - uy* is an indefinite binary form of determinant 
6 = --uv with ]6] < ab( 1 + e)* and Qnw2 is a quadratic form of signature CJ 
with m,(Q,-,) > 0. If n - 2 > u + 4, we can repeat the above procedure. 
LEMMA 10. Let Q4(x,y, z, t) be a quadratic form of signature 0 with 
m,(Q,) > 0 and if we write 
Q,(x,y, z, t) - v,(x + -..,Y -I- ..*I + v2k t), 
where IJI, is obtained from Q4 by the above process, then 
ldet w,l < %ldet v21. 
This follows from Lemmas 7, 8 and 9 of Birch 121. 
(4.8) 
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LEMMA 11. Let F(x, ,..., x,,,) be an indefinite quadratic form of signature 
u > 0 with m,(F) > 0. Suppose 
F N wl(x, + .a., x2 + ..q) + G(xj,..., xm), 
and 
@x3 ,..., X*) - l&x, + * * a, x4 + - * -) + H(x, ,..., x,), 
where w, = v(x, + ...)’ - u(x2 + a..) ’ is obtained by the procedure described 
above and vvz is an indefinite binary form. Then 
I det w1 I < % I det v2 I. 
Proof By hypothesis, 
F-v/,(x, + ..+,x,t .--)tw2(x3 t e..,x,+ ..a)tH(x,,...,x,) 
= F,(x, ,..., x,,,), 
say. Consider 
Q4 = F,(x, ,..., x4, 0 ,.,., 0) = w,(x, + .a., x2 + . ..) + w2(x3 + y-x4, x4). 
Q4 is a quaternary form of signature 0 with m,(Q,) > 0. We now claim 
that while following the procedure discussed in the beginning of the section 
for Q4, we can take vr(x, + ‘.*,x2 + e-m) as its first binary section, Let 
6’ = m,(Q,). Then since Q,(l, 0 ,..., 0) = v and every value of Q4 is a value 
of F,, and hence of F, we have 
b < b’ < lv( < b(1 t E) < b’(1 + E), 
where b = m,(F). Thus we can choose v to be the leading coefficient of Q4. 
Thus 
where 
Q4 = 4x, + ..a + ~~4x4)~ - Q&7 ~3, ~41, 
Q&2, x3 3 ~4) = ~6, + .-.I' - w&3 > ~4). 
Let 
a’ = Inf( (sgn v) Q,(x,, x,, x4): xi integers, (sgn v) Q, > 0). 
Every value of Q, is a value of F, - v(x, + ..s)’ and since Q3(1, 0,O) = U, 
we have 
a < a’ < (sgn v) u = ) u) < a( 1 + c) & a’( 1 + E), 
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so that we again choose u as the leading coeffkient of Qj, thus proving our 
claim. By Lemma 10, we have 
Idety/,l<~ldet~2/. 
This proves Lemma 11. 
LEMMA 12. Let Q, = Q(x, ,..., x,,) be an indefinite form in n > 5 
variables of signature 1 and dererminant D # 0, with mn(Qn) > 0. Then 
Q, - v/,(x, + -.., x2 + .e.) + Qn..Jxi ,.... x,), 
where IJJ~(?C, y) is an indefinite binary form of determinant d, such that 
IdIn/ & 2 ‘n-3’(n+“‘4 ,D, < ,D,. 
i 1 !b 6 
Proof. Following the general procedure described above, we have 
Q, - w,(x, + .-.,x2 + ..a) + Qn-:(x3 . . . . . x,,). 
If n - 2 > 5, we repeat the above process and get 
where Q3(x,-2,x,-1, x”) is a ternary form of type (2, 1) which does not 
represent arbitrarily small values. Let its determinant be A. Then by 
Lemma 8 
Q3 - VI~.-,~,~(X,-~ + ‘..,x,m, + .s.) + cxf. 
where vb- I)l2 is an indefinite binary form of determinant 6,,_ ,,,? satisfying 
/6,n-,,,213’2~L/4. 
fi 
(4.9) 
Let det vi = 6,. On applying Lemma 9 to wi + vi+, + ... + c.$. we see that 
(4.10) 
Hence from (4.9) and (4.10) we have 
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[(n-Z)+(n--4)f.. . +31/2 
I& *” t’,n-3,/Z/ 1’C7-l),2t3’2 
< IDI* 
This proves Lemma 12. 
(since n > 5) 
LEMMA 13. Let Q,(x, ,..., x,,) be an indefinite quadratic form in n > 6 
variables of signature 2 and determinant D # 0, with m,(Q,) > 0. Then 
Q, - @, -i- *-*,x2 + ***) + Q,,-,(x,,.*., x,,), 
where v/(x, y) is an indefinite binary form of determinant d with 
(n-4)(n+2)/4 16 l/3 
c-1 9 
PI < IDI- 
Proof: Proceeding, as in Lemma 12, we have 
Q, - YI + v/z + *** + v(,-4)/2 + Q~(x,+,~...~XA 
where vi are binary forms and Q4 is a quaternary form of type (3, 1) and 
determinant A # 0 which does not take arbitrarily small values. By Lemma 9 
where ~~,-~),~(x, u) is an indefinite binary form of determinant 6C,-2,,2 
satisfying 
Thus 
Q, - v, + v2 + -Se + v(n-2)zz +4x,-, + a.->' +bxi. 
Then as in Lemma 12, we have 
n-4 
for IGiG<. 
(4.11) 
(4.12) 
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Hence using (4.11) and (4.12) we have 
(n-4)(n+2)/4 
/J,/ ... lb wzl IdI 
This proves Lemma 13. 
Lemmas 12 and 13 show that Hypothesis I is satisfied for forms with 
signature 1 or 2. 
5. COMPLETION OF THE PROOF OF THEOREM 1. 
It is clear that Theorem 1 will now follow for forms of signature 1 or 2 by 
induction if we can prove that Hypothesis II of Theorem 4 is satisfied for 
forms of type (2, 1) and (3, 1). We prove it in this section. We first prove 
LEMMA 14. Conjecture A is true for indefinite ternary forms f 
signature 1. Further strict inequality holds in (1.2) for non-zero forms. 
Proof. Let Q(x, y, z) be an indefinite ternary form of signature 1 and 
determinant D # 0. It follows from Dumir [lo] that, given any t > 0 and real 
numbers x0, yO, zO, there exist (x, y, z) = (x0, y,, zO) (mod l), such that 
-t(f(t) lDl)“3 < Q(x,Y, z) ,< (f(t) IDI)"', (5.1) 
where f(t) = 8/( 1 + t)3; equality is needed only for t = 7 and m for some 
zero forms Q (one can easily verify that the functions stated in Dumir’s 
theorem are <8/(1 + t)3). (5.1) implies that 
Q<x, Y, z> - +“3 / </D/? 
Further strict inequality holds if Q is a non-zero form. For every a with 
lal < IW3, we can choose O<t<oo such that a=(1 -t)(l +t)m’lD1”l 
and Conjecture A follows for ternary forms. 
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Before taking up forms of type (3, 1) we observe that for zero forms 
conjecture A follows from Jackson [ 151. Thus we need to prove it only for 
non-zero forms. We do so in 
THEOREM 5. Conjecture A is true for non-zero quaternary quadratic 
forms of signature 2. 
ProoJ Let Q(x, y, z, U) be a quaternary form of type (3, 1) and deter- 
minant D # 0. We have to show that if ]CL] < / D11’4, then given any real 
numbers x,,, yO, zO, u,, there exist (x, y, z, U) E (x0, y,, z,,, u,) (mod 1 ), such 
that 
lQ(x,~,z,u)--al < IDI”‘. (5.2) 
By Theorem 1 of Jackson [ 161 there exist integers x,, y,, zr, U, with g.c.d. 
(xr,y,,zr,ur)= 1, such that 
0 < Q<x,vr,,z ,,uJ=a < lD11’4. 
On replacing Q by an equivalent form, we can suppose that Q(1, 0, 0,O) = a, 
and write 
Q = a{ (x + hr + gz + ku)’ - d(v, z, u)}, 
where #(y, z, u) is ternary form of type (1,2) and determinant ] D 1 a -4 > 1. 
Because of homogeneity it suffices to prove 
THEOREM A. Let Q(x, y, z, u) = (x + hy + gz + ku)’ - @(y, z, u), where 
#(y, z, u) is a ternary form of type (1,2) and determinant D > 1. Let 
Ial < lDl”4. Then given any real numbers xg, y,, zO, uO there exist 
(x, y, z, u) E (x0, yO, z,,, uJ (mod 1) such that 
lQ(x,~,z,u)--a)<lDl”~. (5.3) 
We shall use the following two lemmas in the proof of Theorem A. 
LEMMA 15. Let a, p, d be real numbers with d > 1. Let n be the integer 
given by n < d < n + 1. Then given any real number x0 there exists 
x z x,, (mod I ) such that 
provided 
-n2/4 </I < d - 4. 
This follows from Lemma 6 of Dumir [9]. 
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LEMMA 16. Let @(y, z, u) be a ternary form of type (1, 2) and deter- 
minant D > 0. Let 0 < t < $ and g(t) > 256/25(1 - t)“. Then given any real 
numbers y,,, zO, u0 there exist (-v, z, u) s ( yo, zO, u,) (mod I). such that 
t(gW ID/)“.’ < Kv~z, u) < (g(t) lDl)‘s3. 
This follows from Theorem 2 of Dumir and Hans-Gill [ 111 and the 
Theorem of Jackson [ 151. 
Proof of Theorem A. We have to show that if /a I< 1 D / “4, there exist 
(X?Y? z, u) = (xg,yo, Lo, uo) (mod 1) such that / Q(x, y, z, u)l - a < /D / Iid, i.e.. 
O<(x+hy+gz+ku)2-~(y,z,u)-a+jDj”4<2)D~”4. (5.4) 
Let d = 2 jD1”4. Since D > 1, d > 2, so that, if n is the integer such that 
n < d < n + 1, then n > 2. By Lemma 15, (5.4) is satisfied if we can find 
(.v, z, U) = (yO, zo, uO) (mod 1) satisfying 
-n2/4 < -&Y, .G U) - a + (D ( ‘I4 ( d - 114, 
or 
’ d 
+-p-a <)(y,z,u)<~+l-a. (5.5 1 
Note that ial<lDI “4 = d 2 so that the right-hand side of (5.5) is positive. / , 
Case i. d - $ - a < 0. 
By Lemma 6, we see that (5.5) is satisfied if 
=n2 -1 
4 
fd > 2 1Dl”3 = (d4/2)“‘, 
i.e., 
h(d) = (n2 - 1 + 4d) dp4’3 > (32)““. (5.6) 
Since h(d) is a decreasing function of d and d < n + 1, (5.6) is satisfied if 
h(n + 1) = (n + 3)/(n + 1)“” > (32)“3. 
For n > 2, (n + 3)/(n + 1)r13 > 5.3-‘j3 > (32)‘13. Hence (5.6) is satisfied and 
the result follows in Case i. 
Case ii. l/4-d/2-a>O. 
418 
Let 
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t = l/4 - d/2 - a 1 -2d-44a 
n2/4+d/2-a =n2+2d-4a’ 
Thent>O.SinceIaI<d/2andd>n>2,wehave 
t=l- 
n2+4d- 1 <I-n2+4d-l 1 
n2+2d-4a‘ n* +4d = n2+4d 
<+. 
Let g(t) = (n*/4 + d/2 -a)’ (II-‘. Then 
(1 - t)3 g(t) = (+- + d 3 ID/-’ = (n’ - 1 + 4d)“/4d4. ) 
The right-hand side is a decreasing function of d, and since d < n + 1 and 
n > 2 we have 
(1 - t)3 g(t) 2 (n + 3)3/4(n + 1) > 125/12 > 256/25. 
Hence by Lemma 16 there exist (y, z, U) z (y,,, z,,, uO) (mod 1) such that 
t(g(G PlY3 < #(A 27 u) < (g(t) Iw’3, 
or 
2 d 
$--$-a<@(y,z,u)(a+,-a. 
Thus (5.5) is satisfied in Case ii also and Theorem A follows. 
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